Draughts Position Count

Introduction
In this paper a formula will be derived to calculate the theoretical value for the number of Positions within the game of Draughts. This is a theoretical maximum which most likely can not be realized in practice. In other words, the number of different board positions which can be generated with a given number of pieces (man and king) for white and black is probably far larger compared with the actual number of position which can be obtained during game play. Evidence for this statement based on self-play will be presented in a next publication.

In this paper some new terminology will be introduced, the definition for these concepts is given below.

Position Class: A subset of the total position space with a specific material distribution. This material distribution is characterized by 4 parameters NWhiteMan, NWhiteKing, NBlackMan, NBlackKing.

For a given number of pieces for white and black the number of Position Classes can be expressed as:

NPC(NWhite, NBlack) = ( NWhite + 1 ) * ( NBlack + 1 )
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Based on this outcome, the expression for the total number of Position Classes becomes:
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In total this results in 52900 different classes.

There is also another method to retrieve the same number.

NPC = NPC, White(20) * NPC, Black(20)  = NPC,Colour(20)2
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The value for NPC,Colour(20) can be calculated as follows
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Substitution of n with 20 yields 230 for NPC,Colour (Note: 2302 = 52900 !).

2.0 Position Count

2.1 Introduction

To determine the number of positions within a Position Class, some background information must be given regarding the draughts game itself.

The initial board position (see Fig 1.) has the 20 black man on squares 1 – 20, the 20 white man are located on squares 31-50.
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Fig 1. Initial Board Position

If a man reaches the opposite end row, it is automatically promoted to a king.

For white the promotion squares are 1 – 5, for black the squares are 46-50. Basically this indicates that it is not possible for a white man to be “permanently” placed on squares 1-5. Due to the promotion rule, the piece is instantly promoted to a king. For black on the other hand it is impossible to locate a man on 46-50 for the same reason.

This implies that one can distinguish 3 area’s on a draughts board, as summarized in the next table (Table1).

	Draughts Man Position

	Area
	Squares
	White Possible
	Black Possible

	1
	1-5
	No
	Yes

	2
	6-30
	Yes
	Yes

	3
	31-50
	Yes
	No


Table 1: Draughts Man Position

Based on this information an expression can be derived which yields the number of theoretical positions based on a given number of pieces (man and king) for white and black. In first instance however, the calculation will only be based on man. Hereafter it is relatively straightforward to add kings.

2.2 Position count, man only

To get a better understanding of the mathematical formulation for position count in the case with only man on the board, an example with 1 white man and 1 black man will be presented in detail. Hereafter a similar approach will be followed for he situation with 2 white man on both sides. Based on this formulation a general expression will be derived.

2.3 Position count, 1 white man and 1 black man.

The calculation of the number of position for this specific case will be based on the area characterization as described in 2.1 . Basically there are 4 possibilities for the overall area distribution of the 2 man, because every man can be positioned in only 2 areas. One can see these independent (disjunct) clusters as sub-classes from a specific position class. In the remainder of this publication these sub-classes will be denoted as groups  In the next table (Table 2) an overview is given of these groups with the corresponding position count.  

	Position count, 1 white man and 1 black man, method 1

	Area WhiteMan
	Area BlackMan
	Remark
	Count

	1
	1
	Not possible
	0

	1
	2
	Not possible
	

	1
	3
	Not possible
	

	2
	1
	
	200 ( 40 * 5 )

	2
	2
	
	1560 ( 40 * 39 )

	2
	3
	Not  possible
	

	3
	1
	
	25 ( 5 * 5 )

	3
	2
	
	200 ( 5 * 40 )

	3
	3
	Not possible
	0

	Total Count
	
	
	1985


Table 2: Position count, 1 white man and 1 black man, method 1

It is also possible to get the same outcome in a slightly different way, which we use as a basis to formulate the final expression, This approach is presented in Table 3

	Position count, 1 white man and 1 black man, method 2

	Area1, Black
	Area2, White
	Area2, Black
	Area3, White
	Count

	0
	1
	0
	1
	200

	0
	1
	1
	0
	1560

	1
	0
	0
	1
	25

	1
	0
	1
	0
	200

	Total Count
	
	
	
	1985


Table 3: Position count, 1 white man and 1 black man, method 2

Presented in this way it is easy to recognize that the count for the 4 situations basically is constructed from 3 terms, which must be multiplied to yield the result:

· Number of black man in Area1

· Number of white man and black man in Area2

· Number of white man in Area1

2.4 Position count, 2 white man and 2 black man

The same method (method 2) will be used to calculate the position count for the case with 2 white man and 2 black man. Although the overall table (Table 4) constructed this way will be relatively large, the mathematical expression for the general case will be understood much better.

	Position count, 2 white man and 2 black man,

	Area1, Black
	Area2, White
	Area2, Black
	Area3, White
	Count

	0
	2
	0
	2
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	0
	2
	1
	1
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	0
	2
	2
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	1
	1
	0
	2
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	2
	0
	1
	1
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	0
	2
	0
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	Total Count
	
	
	
	


Table 5: Position count, 2 white man and 2 black man

2.5 Position count, man only, general case

The approach in the previous paragraphs yield sufficient clues for the formulation of a mathematical expression for the position count in case only man are positioned on the draughts board. Basically the total count is a summation of the individual count of all groups within the position class., where every group is characterized by the number of man in the 3 defined board area’s.
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2.6 Position count, general case

To expand the case with man only, it is relatively straightforward to expand the equation towards the general case with also kings on the board. Because draughts kings can move in all directions forward and backwards, they can be placed on every square.

In the general situation for a specific group where already NWhiteMan and NBlackMan are placed on the board, there are 
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 possibilities to place the White and Black Kings on the remaining squares.

The position count for this specific group can thus expressed as
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Combining this result with the equation presented in 2,5 yields the final expression
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